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A note on Kirchhoff’s theorem for almost
complex spheres I
Lázaro O. Rodríguez Díaz ∗
Abstract
By a theorem of Kirchhoff if the six sphere admits an almost complex structure
then the seven sphere is parallelizable, more crucial, he exhibited an explicit global
frame constructed out of the given almost complex structure. This result implic-
itly equips the seven sphere with a definite H-space multiplication. We propose
to address the existence problem of complex structures on the six sphere study-
ing the associated parallelism-multiplications on the seven sphere. We ask to what
extent the integrability condition of the almost complex structure amounts to the
constancy of the structure functions of the global frame defining the parallelism,
i.e, if this parallelism comes from a Lie group structure. At a more fundamental
level we inquire if the integrability condition of the almost complex structure en-
tails the homotopy associativity of the induced multiplication. A positive answer
to these questions would rule out the six sphere of being a complex manifold since
the seven sphere is not a Lie group, not even a homotopy associative H-space.
1 Introduction
It is well known the only spheres that are parallelizable are S1, S3 and S7, in all cases it
is possible to exhibit a trivialization of the tangent bundle using the complex numbers,
quaternions and octonions respectively. However, among the spheres, S1 and S3 are
the only Lie groups, again it is the structure of the complex numbers and quaternions
which induces the Lie group structures. A natural candidate group structure for S7
using the octonions fails due to the non-associativity of the octonions, see Remark 2.1.
Another interesting geometric structure to consider on spheres are almost complex
structures, in this case S0, S2 and S6 are the only ones that admit an almost com-
plex structure [2]. There are others proofs of this fact, one of them combines a result of
Kirchhoff [15] that if Sn carries an almost complex structure then Sn+1 is paralleliz-
able and the list of parallelizable manifolds, i.e., S1, S3 and S7, [3, 14]. Summed up:
Sn admits an almost complex structure if and only if Sn+1 is parallelizable.
The octonions induces an almost complex on the sphere S6, nevertheless it is not in-
tegrable [8, 9]. We can prove this is due to the non-associativity of the octonions, see
Remark 4.1. It is unknown whether S6 admits an integrable almost complex structure.
It is natural to ask if the probable non-existence of integrable almost complex structure
on S6 is related to S7 not being a Lie group, or more generally, if it is linked to the
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non-existence of homotopy associative multiplications on S7. After all, the natural
candidates to integrable almost complex structure on S6 and Lie group structure on S7
fail for the same reason, non-associativity of the octonions.
As mentioned above it was proved by Kirchhoff [15] that if the sphere Sn admits an
almost complex structure J , then Sn+1 is parallelizable, more crucial, he exhibited the
explicit absolute parallelism, i.e., an explicit global frame {X1, · · · , Xn} constructed
using J . This result implicitly equips the seven sphere with a definite H-space multi-
plication.
We propose to address the existence problem of complex structures on the six sphere
studying the associated parallelism-multiplications on the seven sphere. We ask to
what extent the integrability condition of the almost complex structure amounts to the
constancy of the structure functions of the global frame defining the parallelism, i.e,
if this parallelism comes from a Lie group structure. At a more fundamental level we
inquire if the integrability condition of the almost complex structure entails the homo-
topy associativity of the induced multiplication. A positive answer to these questions
would rule out the six sphere of being a complex manifold since the seven sphere is not
a Lie group, not even a homotopy associativeH-space.
2 When a parallelism comes from a Lie group struc-
ture?
To each smooth global frame {X1, · · · , Xn} on a manifoldM there is associated a flat
(zero curvature) connectionΓ. The covariant derivative ofΓ is given by∇Z
(∑
f iXi
)
=∑
Z(f i)Xi, for any smooth vector field Z onM .
The structure equations of Γ in the frame {X1, · · · , Xn} are:
dθi = 1
2
T ijk θ
j ∧ θk and ωij = 0, (1)
where {θ1, · · · , θn} is the coframe dual of {X1, · · · , Xn} and w
i
j are the connection
forms. The torsion tensor of Γ is given by
T (Xj, Xk) =
n∑
i=1
T ijkXi = −[Xj, Xk]. (2)
Furthermore the torsion tensor of Γ is parallel if and only if the structure functions T ijk
are constant. More generally a tensor field on M is parallel with respect to Γ if and
only if has constant components with respect to the field of frames {X1, · · · , Xn}.
The equation (2) resembles the way we define the structure constants of a Lie algebra,
i.e., the first equation in (1) looks like the Maurer-Cartan equation; this is not coin-
cidence since Lie groups are always parallelizable. Moreover the following converse
states when a parallelism onM comes from a Lie group structure onM :
Theorem 2.1 ( [11], Theorem 5). Let M be a simply connected manifold on which is
defined a complete linear connection with zero curvature and torsion invariant under
parallel translation. Then M admits a Lie group structure such that left translations
induce the original connection.
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The above theorem was proved by Chern [7, Section 5, page 128] formulated in terms
of an {e}-structure on M . Generalization of this result to not necessarily simply con-
nected manifolds has been proved many times in the literature, e.g., Wolf [24, Propo-
sition 2.5] within the context of absolute parallelism. Certainly all these is rooted in
Cartan’s local equivalence method, see Sternberg [21, Theorem 2.4, Chapter V].
In general a linear connection on a compact manifold is not necessarily complete. How-
ever as the geodesics of the associated connection Γ consist of the integral curves of
the vectors fields {X1, · · · , Xn}, compactness ofM implies Γ is complete.
In a local coordinate patch U of M with coordinates (x1, · · · , xn), we can write the
vector fields Xj =
∑
X lj
∂
∂xl
and the dual forms θj =
∑
θjl dx
l, (where
(
θjl
)
is the
inverse matrix of
(
X lj
)
) in terms of the local basis of vectors fields and differential
forms. One way to compute the structure functions is using the formula:
T ijk =
n∑
r,s=1
XrjX
s
k
(
∂θis
∂xr
−
∂θir
∂xs
)
. (3)
2.1 Classical parallelism of the seven sphere
Let briefly discuss the parallelism of S7 induced by the octonions in the light of Hicks’s
theorem, Theorem 2.1. The next proposition is a generalization of how orthogonal
multiplications are useful to define vector fields on spheres.
Proposition 2.1 ( [4], Proposition 7.3.1). Suppose we have a map ν : Rk+1×Rn+1 →
Rn+1 linear in the first factor and continuous in the second factor satisfying:
i) ν(v, z) = 0 implies z = 0 or v = 0,
ii) there exists e ∈ Rk+1 such that ν(e, z) = z for all z ∈ Rn+1,
then Sn admits k independent vector fields.
The proof can be found in [4], there was stated for bilinear maps ν, however the proof
only uses linearity in the first factor. As a corollary of the above proposition the multi-
plications in the complex, quaternions and octonions numbers induce a parallelism in
S1, S3 and S7 respectively.
Fix the canonical basis of the octonionsO given by the identity 1 and seven imaginary
octonions ei, i = 1, · · · , 7 satisfying the multiplication rule: eiej = −δij + aijkek,
where the structure constants aijk are totally antisymmetric in the three indices. Using
Proposition 2.1 we construct seven linearly independent vector fields Xi on the sphere
S7 ⊂ O of octonions of norm one as follow: Xi(x) = eix for x ∈ S
7, i = 1, · · · , 7.
Lets compute the structure functions of this global frame. Note the multiplication in
this particular case is linear in both factors, therefore the Lie brackets [Xi, Xj] can be
computed by the commutator of the corresponding linear maps.
[Xi, Xj ](x) = ei(ejx)− ej(eix) (4)
= 2aijkekx− 2[ei, ej, x]
= 2 (aijk − 〈[ei, ej, x], ekx〉)Xk(x),
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where [a, b, c] := (ab)c − a(bc) is the associator, 〈a, b〉 := 1
2
(
ab¯+ ba¯
)
is the scalar
product and the conjugation is defined by 1¯ = 1, e¯i = −ei and ab = b¯a¯.
Remark 2.1. Thus the non-associativity of the octonions causes the non-constancy of
the structure functions of the classical parallelism of S7. Compare to Remark 4.1. The
non-commutativity of the algebra causes the non-vanishing of the torsion.
Remark 2.2. Note the structure functions coincide with the structure constants of the
algebra at the north and south pole, i.e., at 1 and −1. Compare to Remark 4.6.
Remark 2.3. We used the alternativity of the octonionic product to prove the second
equality in (4). Compare to Remark 4.2.
3 An integrability condition in disuse
An important theorem of Newlander and Nirenberg [18] states an almost complex
structure J on a manifoldM is integrable if and only if the Nijenhuis tensorN(X,Y ) =
[JX, JY ]− [X,Y ]− J [X, JY ]− J [JX, Y ] vanishes identically, whereX and Y are
vector fields onM .
For any torsion free connection∇ onM we haveN(X,Y ) = (∇JXJ − J∇XJ)Y −
(∇JY J − J∇Y J)X . In local coordinates (x1, · · · , x2n) inM , the componentsN
i
jk
of N can be expressed in terms of the components J ij of J and its partial derivatives:
N ijk =
2n∑
l=1
(
J lj
(
∂J ik
∂xl
−
∂J il
∂xk
)
− J lk
(
∂J ij
∂xl
−
∂J il
∂xj
))
.
There are others less used equivalent formulations of the integrability condition of an
almost complex structure. Lets recall one which seems suitable for the problem at hand.
See for example Calabi-Spencer [6], Guggenheimer [10, Theorem 13], Hodge [12,
page 105], a good account appears also in Calabi [5, section 3].
Define the folllowing action of J on the algebra of differential forms: J(f) := f for
f ∈ C∞(M) and (Jw) (X1, · · · , Xp) := w (JX1, · · · , JXp), for w a p-form on M .
In other words it is the action of the dual map of J on 1-forms extended to higher order
forms by the above formula.
Proposition 3.1. An almost complex structure J onM is integrable if and only if
(dJdJ − JdJd) f = 0, (5)
is satisfied for all functions f of class C2.
Moreover, Hodge proved that Proposition 3.1 is also true if (dJdJ − JdJd)w = 0
is satisfied for p-forms w of degree 1 ≤ p ≤ dimM − 2, [12, page 105]. In local
coordinates the above proposition said:
Proposition 3.2. An almost complex structure J on M is integrable if and only if the
tensor
τ ijk =
2n∑
p,q=1
(
δpj δ
q
k − J
p
j J
q
k
)(∂J iq
∂xp
−
∂J ip
∂xq
)
, (6)
vanishes identically.
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It is clear that τ ijk = −J
r
jN
i
rk, however, Proposition 3.1 shows the vanishing of the
tensor τ ijk can be interpreted as the integrability condition on its own.
Remark 3.1. Bearing in mind J−1 = −J , note the analogy between (6) and the formula
to compute the structure functions (3).
4 Kirchhoff’s theorem and the octonions
Before going into Kirchhoff’s theorem let briefly recall how the multiplication in the
octonions O induces an almost complex structure on S6. Kirchhoff construction is
modeled on this, in fact its proof reverses this process, he reconstructs the ‘multiplica-
tion’ of R8 from the almost complex structure, see Remark 4.8 and Section 5.
4.1 The almost complex structure induced by the octonions
Let ImO ⊂ O denotes the hyperplane of imaginary octonions orthogonal to 1 ∈ O and
let S6 ⊂ ImO be the sphere of imaginary octonions of norm one. Right multiplication
by y ∈ S6 induces an orthogonal linear transformation Ry : O → O that satisfies
(Ry)
2
= −1. Moreover,Ry preserves the plane spanned by 1 and y (1→ y, y → −1),
therefore preserves its orthogonal six dimensional plane, which can be identified with
TyS
6 ⊂ O. It follows Ry induces an almost complex structure on S
6. Now we are
going to show the Nijenhuis tensor corresponding to this almost complex structure can
be written in terms of the associator of O.
The Nijenhuis tensor can be computed by:
N(X,Y ) = d(JY )(JX)− d(JX)(JY )− dY (X) + dX(Y )
− J (d(JY )(X)− dX(JY ))− J (dY (JX)− d(JX)(Y )) ,
to see this, note we are in euclidean space, then we can compute the Lie brackets of
two vector fields X : S6 → R7, Y : S6 → R7 by [X,Y ] = dY (X)− dX(Y ), where
dX and dY denote the differential ofX and Y respectively as maps.
By definition JaYa = Ya ·a where a ∈ S
6 and Y is a vector field on S6, differentiating
we get:
d(JY )(JX) =J (dY (JX)) + Y · JX,
J (d(JY )(X)) =(−1)dY (X) + J(Y ·X).
Then
N(X,Y ) = Y · JX −X · JY − J(Y ·X) + J(X · Y ).
For b, c ∈ TaS
6 we get:
Na(b, c) = c · (b · a)− b · (c · a)− (c · b) · a+ (b · c) · a = 2[a, b, c]. (7)
Remark 4.1. Therefore the non-associativity of the octonions is responsible for the
non-integrability of this almost complex structure. Compare to Remark 2.1.
Remark 4.2. To establish the last equality in (7) we used the algebra of octonions is
alternative. Compare to Remark 2.2.
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4.2 Kirchhoff’s theorem
Nowwe state Kirchhoff’s theorem and its proof [15], [16, TheoremV], see also Kobayashi-
Nomizu [17, Chapter IX, Example 2.6].
Theorem 4.1 ( [15], Theorem 4). If the sphere Sn admits an almost complex structure,
then Sn+1 is parallelizable.
Proof. We need to exhibit a field σ of linear frames on Sn+1. Let J be an almost
complex structure on Sn. In the vector space Rn+2 fix a subspace Rn+1 and a unit
vector e := en+2 ∈ R
n+2 perpendicular to Rn+1. Denote by Sn and Sn+1 the unit
spheres in Rn+1 and Rn+2 respectively.
Given y ∈ Sn denote by Vy the n-dimensional vector subspace of R
n+2 parallel to the
tangent space Ty(S
n) in Rn+2 and Jy the linear endomorphism of Vy corresponding
to the linear endomorphism of Ty(S
n) given by J . Define a linear transformation
J˜y : R
n+2 → Rn+2 by J˜y(e) = y, J˜y(y) = −e and J˜y(z) = Jy(z) for z ∈ Vy . It
follows from J2 = − Id that J˜2y = −Id.
Let x ∈ Rn+2, then it can be written uniquely as follows:
x = αe+ βy, α, β ∈ R, β ≥ 0, and y ∈ Sn. (8)
Define the linear transformation:
σ˜x : R
n+2 → Rn+2, σ˜x := α Id+βJ˜y, (9)
where Id denotes the identity transformation of Rn+2. As J˜2y = −Id we get that σ˜x
is an isomorphism. Note also that σ˜x(e) = x. If the transformations σ˜x for x ∈ S
n+1,
are restricted to Rn+1,
σx := σ˜x|Rn+1 , x ∈ S
n+1,
we get the desire linear frame σx =: R
n+1 → Tx(S
n+1). In fact, Rn+1 is spanned by
y and Vy and that both σx(y) and σx(z), z ∈ Vy are perpendicular to x in R
n+2, then
can be considered as elements of Tx(S
n+1).
Remark 4.3. Note that Kirchhoff’s theorem does not assume any additional condition
on the almost complex structure J .
Remark 4.4. If we assume J is an almost hermitian structure, i.e., J is compatible with
some Riemannian metric g on Sn (this is always possible), the theorem above was
rewritten by Steenrod [20, Theorem 41.19]. He noted that in this case the constructed
global frame σ˜ is in fact an orthogonal frame, that is, σ˜x (σ˜x)
T
= Id, for x ∈ Sn+1.
More generally, we have σ˜x (σ˜x)
T = ‖x‖2Id, when x ∈ Rn+2. This will be used in
Section 5. In what follows ‖x‖ will denote the Euclidean norm of x.
Remark 4.5. The vector fields {Xi(x) := σx(ei)}i=1,··· ,n+1 defining the parallelism
in Theorem 4.1 can be written explicitly as:
Xi(x) = xn+2ei − xien+2 + β(x)Jy (ei − 〈y, ei〉y) ,
where {ei}i=1,··· ,n+2 is the canonical basis of R
n+2.
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Remark 4.6. Note the linear frame σ is smooth at all points of Sn+1 except at e and−e,
where it is only continuous. Steenrod’s approximation theorem [20, Theorem 6.7] tell
us every continuous section of a smooth fibre bundle can be approximated arbitrarily
closely by a smooth section, even more, preserving the original section on regions
where it is already differentiable. Therefore we will assume σ is a smooth linear frame
that coincides on Sn+1 \ {e,−e} with the constructed in the above theorem.
Remark 4.7. If x ∈ Sn+1 then α and β in (8) satifies α2 + β2 = 1, consequently it is
easy to get the inverse of (9), i.e., σ˜x
−1
= α Id−βJ˜y.
Remark 4.8. We can use Proposition 2.1 to conclude Sn+1 is parallelizable in Kirch-
hoff’s theorem, for define ν(v, z) := σ˜zv, it was proved along the proof ν satisfies the
hypothesis of the Proposition 2.1.
4.3 The first approach
The ideas discussed so far lead to formulate the following question. Assume S6 admits
an integrable almost complex structure J , in particular, J is an almost complex struc-
ture. By Kirchhoff’s Theorem 4.1 the sphere S7 is parallelizable, moreover, we have
the explicit form of the global frame defining the parallelism in terms of J .
Question 1. To what extent the integrability condition of the almost complex structure
J on the six sphere amounts to the constancy of the structure functions of the global
frame defining the parallelism of the seven sphere?
Even if in general the structure functions of the frame are not constant, we can compute
the complete set of invariants functions for this {e}-structure on S7 in terms of the
almost complex structure J . Note the torsion tensor is never zero.
Keeping the notation used in the proof of Theorem 4.1, we have seven linearly in-
dependent vector fields {σ (e1) , · · · , σ (e7)} on S
7, where {e1, · · · , e7} denotes the
canonical basis of R7. As we are in euclidean space, we can consider each vector field
of this frame as a map σ(ei) : S
7 → R8, σ(ei)(x) := σx(ei). To prove the structure
functions are constant is equivalent to show that σ−1 ([σ(ei), σ(ej)]) is constant for
each i and j, that is,
d
(
σ−1 ([σ(ei), σ(ej)])
)
= d
(
σ−1 (d (σ(ej)) (σ(ei))− d (σ(ei)) (σ(ej)))
)
= 0.
Observe the integrability of J in the form (dJdJ − JdJd)w = 0 of equation (5)
should be helpful here.
5 H-space structures induced by almost complex struc-
tures
We can rephrase Kirchhoff’s theorem as follows: if Sn admits an almost complex
structure J then Sn+1 is a an H-space (i.e., a space which admits a continuous mul-
tiplication with a two-sided identity element). This is trivial at glance because it is
well known a parallelizable sphere is an H-space [1]. The point is that the induced
multiplication on Sn+1 is written explicitly in terms of J .
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In what follows we keep the notation of Theorem 4.1. Let J be an almost complex
structure on S6, and let σ˜ be the global frame given by Kirchhoff’s theorem. Define
the map:
m : S7 × S7 −→ S7, m(x, y) := σ˜x (y) /‖σ˜x (y) ‖.
It follows from Kirchhoff’s theorem this map is a well defined multiplication on S7
with e as two-sided identity. Thus every almost complex structure J on S6 defines an
H-space structure on S7.
Moreover, recall that we can always assume the given almost complex structure J is
compatible with some Riemannian metric g on S7. Then using Remark 4.4 we can
define a multiplication in R8:
mˆ : R8 × R8 −→ R8, mˆ(x, y) := σ˜x (y) ,
which satisfies the norm product rule ‖mˆ(x, y)‖2 = ‖x‖2‖y‖2, and has a two-sided
identity e. The multiplication mˆ restricts to theH-space multiplicationm on S7.
By a celebrated theorem of Adams [1] the only spheres that admit anH-space structure
are S0, S1, S3 and S7. The next theorem of Wallace shows S7 does not admit an
associative multiplication.
Theorem 5.1. [23, Corollary 2, page 48] If a compact manifoldM admits a continu-
ous, associative multiplication with identity then it is a topological group.
Moreover, combining the above theorem with von Neumann’s solution of Hilbert’s
Fifth problem for compact groups [22] would implyM has a Lie group structure.
The stronger result proved in this direction is James’s theorem:
Theorem 5.2. [13, Theorem 1.4] There exists no homotopy-associative multiplication
on Sn unless n = 1 or 3.
As we have already seen in (7), the non-associativity of the octonions causes the non-
integrability of the almost complex structure induced on S6 by the octonions. We
would like to relate the probable non-existence of complex structure on S6 with the
lack of associative or more generally homotopy associative multiplications on S7.
5.1 The second approach
Question 2. Does the integrability condition of the almost complex structure J implies
the associativity or more generally the homotopy associativity of the multiplicationsm
and mˆ?
Working with the multiplication mˆ instead ofm has the advantage we can make use of
the additive structure of R8.
As observed in Remark 4.2 we employed the alternativity of the octonions in estab-
lishing the connection between the Nijenhuis tensor and the associator. It would be
reasonable to expect the answer to Question 2 would require something similar to this.
In this regard, it is interesting to mention that Norman proved the following:
Theorem 5.3. [19, Corollary 9.3] Any multiplication on a sphere satisfies the Moufang
law (x · y) (z · x) = (x (y · z))x up to homotopy.
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Remark 5.1. In case J be the almost complex structure of S6 induced by the octonions,
Question 1 is related to Question 2. This happens because J comes a priori from an
ambient multiplication of R8, in other words, if we interpret J as a map J˜ : S6 −→
SO(8,R), x 7−→ J˜x it extends as a linear map between R
8 and SO(8,R).
Remark 5.2. However, in the general case of an almost complex structure on S6 Ques-
tion 1 and Question 2 stand at different levels and are not correlated. Question 1 asks
if it possible to integrate the parallelism, i.e., if there exists a multiplication whose
differential essentially induces the global frame. Question 2 asks directly if the multi-
plication induced by the global frame is associative (homotopy associative).
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